Abstract. We give a complete description of the structure of all bisimple orthodox semigroups generated by two mutually inverse elements.
Introduction
It is well known that cyclic groups and the bicyclic semigroup are the only bisimple monogenic inverse semigroups. On the other hand, the class of bisimple orthodox semigroups generated by two mutually inverse elements is substantially more diverse. The purpose of this paper is to determine the structure of all semigroups of that class using only some standard facts about orthodox semigroups. Partial results in this direction, based on the study of the lattice of congruences on the free orthodox semigroup generated by a pair of mutually inverse elements, can be found in [5] -see Section 1 below for more details.
Let S be an orthodox semigroup generated by two mutually inverse elements a and b. In Section 2, we determine the structure of all such bisimple semigroups S when a (and therefore b) does not belong to any subgroup of S (see Theorem 2.9, which is the main result of the paper). In Section 3, we describe the structure of S when a and b are group elements of S (in which case, S is necessarily bisimple). In the sequel to this article, we will apply its results to the study of lattice isomorphisms of bisimple orthodox semigroups generated by a pair of mutually inverse elements.
Preliminaries
Let S be a semigroup. We say that x ∈ S is a group element of S if it belongs to some subgroup of S; otherwise x is a nongroup element of S. The set of nongroup elements of S will be denoted by N S , and the set of idempotents of S by E S . If x = yz for some x, y, z ∈ S, according to standard terminology, y is a left and z a right divisor of x. As usual, X stands for the subsemigroup of S generated by its subset X, and x for the cyclic subsemigroup of S generated by x ∈ S. The order of an element x of S will be denoted by o(x); if x has infinite order, we will write o(x) = ∞. If w = w(x 1 , . . . , x n ) is a word in the alphabet {x 1 , . . . , x n } ⊆ S, we will say shortly that w is a word in x 1 , . . . , x n , and if no confusion is likely, w will be identified with its value in S. For any x ∈ S, we define x 0 to be the identity of the semigroup S 1 , so x 0 y = yx 0 = y for all y ∈ S (exceptions of this agreement will occur when S contains a subsemigroup U with an identity e and it will be convenient to put x 0 = e for x ∈ U; all such situations will be explicitly identified). Recall that R is a left and L a right congruence on S. These and other standard results concerning Green's relations on S will be used without reference. As shown by Hall [8, Result 9] , if U is a regular subsemigroup of S, then using superscripts to distinguish Green's relations on U from those on S, we have K U = K S ∩ (U × U) for K ∈ {L, R, H}. This result will also be applied without mention. If H is the identity relation on S, it is common to say that S is combinatorial, so a regular semigroup is combinatorial if and only if it has no nontrivial subgroups.
The bicyclic semigroup B(a, b) is usually defined as a semigroup with identity 1 generated by the two-element set {a, b} and given by one defining relation ab = 1. Disposing of the identity in the definition of B(a, b), one can define it as a semigroup given by the following presentation: B(a, b) = a, b | aba = a, bab = b, a 2 b = a, ab 2 = b . The structure of B(a, b) is well known -it is a combinatorial bisimple inverse semigroup, each of its elements has a unique representation in the form b m a n where m and n are nonnegative integers (and a 0 = b 0 = ab), the semilattice of idempotents of B(a, b) is a chain: ab > ba > b 2 a 2 > · · · , and for each b m a n ∈ B(a, b), we have R b m a n = {b m a l : l ≥ 0} and L b m a n = {b k a n : k ≥ 0} (see [2, Lemma 1.31 and Theorem 2.53]). These facts will be used below without reference.
Let S be a semigroup. Following Clifford [1] , we write x ⊥ y to indicate that xyx = x and yxy = y for x, y ∈ S, and the phrase "x ⊥ y in S" will be used to express briefly the fact that x, y ∈ S and x ⊥ y. As usual, the set of all inverses of x ∈ S will be denoted by V S (x), sometimes without the subscript S if no confusion is likely. Thus y ∈ V S (x) precisely when x ⊥ y in S. An orthodox semigroup is a regular semigroup in which the idempotents form a subsemigroup. By [10, Theorem VI.1.1], the following conditions are equivalent for a regular semigroup S: (a) S is orthodox; (b) V S (e) ⊆ E S for all e ∈ E S ; (c) V S (b)V S (a) ⊆ V S (ab) for all a, b ∈ S. Thus if S is orthodox and x ⊥ y in S, then x ∈ N S if and only if y ∈ N S , and x n ⊥ y n for all n ∈ N (we denote by N the set of all positive integers), so that o(x) = o(y). Moreover, if S is any semigroup and xy = x 2 y 2 for some x, y ∈ S, it is clear that xy = x n y n for all n ∈ N. These simple facts will be used below without comment. Let S be an orthodox semigroup, and let Y = {(x, y) ∈ S × S : V (x) = V (y)}. Then Y is the smallest inverse semigroup congruence on S [10, Theorem VI.1.12], so that S/Y is the maximum inverse semigroup homomorphic image of S. As noted, for instance, in [7, p. 72] , it is easily seen (and well known) that S is combinatorial if and only if S/Y is such.
In [4, 5] , a semigroup S was termed elementary if S = A ∪ B for two nonempty subsets A and B of S such that a ⊥ b for all a ∈ A and b ∈ B, and an orthodox semigroup S = a, b with a ⊥ b was referred to as "an elementary orthodox semigroup on two mutually inverse generators". This notion was introduced as a generalization of (and by analogy with) "elementary generalized groups" studied by Gluskin in [6] . In modern terminology, "elementary generalized groups" are known as "monogenic inverse semigroups" (by definition, an inverse semigroup is monogenic if it is generated by a pair of mutually inverse elements). Since the phrase "an elementary orthodox semigroup on two mutually inverse generators" is too cumbersome, we introduce a different term for such semigroups. Namely, we will say that S is a monogenic orthodox semigroup (by analogy with the inverse semigroup case) if S is an orthodox semigroup such that S = a, b for some a, b ∈ S with a ⊥ b. Of course, it is important to require in this definition that S be orthodox in addition to being generated by a pair of mutually inverse elements. By [2, Exercise 2.3.5], a semigroup given by the presentation p, q | pqp = p, qpq = q is not regular; in fact, {p, q, pq, qp} is its only regular D-class. Moreover, as shown by Clifford (see [4, Example 1.6] ), even if a ⊥ b in a regular semigroup S, then a, b need not be a regular subsemigroup of S. On the other hand, an elementary subsemigroup of an orthodox semigroup is itself orthodox [4, Proposition 1.1], so if S is orthodox and a ⊥ b in S, then a, b is a monogenic orthodox semigroup. In what follows, the phrase "let S = a, b be a monogenic orthodox semigroup" will always mean that S is an orthodox semigroup generated by a pair of mutually inverse elements a, b ∈ S.
In view of the above, it is natural to ask: If S = x, y is a semigroup such that x ⊥ y, under what conditions is S orthodox? The answer follows easily from [5, Theorem 1.1], stating that the free monogenic orthodox semigroup FO has the following presentation: FO = p, q | p n ⊥ q n for all n ∈ N ; we will also denote this semigroup by FO(p, q) if we wish to name the generators explicitly. Lemma 1.1. Let S = x, y be a semigroup such that x ⊥ y. Then (i) S is orthodox if and only if x n ⊥ y n for all n ∈ N; (ii) S is orthodox if xy = x 2 y 2 .
Proof. (i) If x n ⊥ y n for all n ∈ N, then S is a homomorphic image of FO(x, y), and hence, by [10, Lemma II.4.7] , S is orthodox. The converse is obvious.
(ii) Suppose that xy = x 2 y 2 . Then for any n ≥ 1, x n y n x n = (x n y n )x n = (xy)x n = x n and y n x n y n = y n (x n y n ) = y n (xy) = y n . Therefore, by (i), S is orthodox.
In [5, Section II], using the description of FO from [5, Section I] and a number of results from [3] and a few other papers, Eberhart and Williams analyzed the lattice of congruences on FO and constructed several interesting monogenic orthodox semigroups. In particular, in [5, Results 2.3, 2.4] they exhibited the following two infinitely presented bisimple monogenic orthodox semigroups: FO/α ′ = p, q | p n ⊥ q n (∀ n ∈ N) and pq = p 2 q 2 and FO/σ ′ = p, q | p n ⊥ q n (∀ n ∈ N) and pq = p 2 q 2 , qp = q 2 p 2 , where α ′ and σ ′ are certain congruences on FO defined in [5] in several steps using the description of congruences on the free monogenic inverse semigroup and the results about the lattice of congruences on FO (the interested reader is referred to [5] for definitions of α ′ and σ ′ ; they will not be needed in this paper). It is immediate from Lemma 
It is stated without proof in [5] that each element of FO/α ′ has a unique representation in the form p i q m p n q j , where m, n ≥ 0, i, j ∈ {0, 1}, m ≥ i, and n ≥ j (the uniqueness assertion here is false since, for instance,
. Note also that the eggbox picture of FO/α ′ given in [5, Figure 2 ] contains a number of misprints (among other things, R q is typed there twice). After correcting these inaccuracies, one could, in principle, obtain a description of all bisimple monogenic orthodox semigroups by using [5, Results 2.3, 2.4] together with several other results about the lattice of congruences on FO stated in [5, Section II] (mostly without proofs). Nevertheless [5] contains no such description, and at any rate it is certainly of interest to get it independently of all the theorems on the structure of the lattice of congruences on FO used in [5] . The main goal of this paper is to obtain such a description directly, using only some basic results about orthodox semigroups.
The following simple fact is probably well-known. We record it for convenience of reference and include its proof for completeness. Lemma 1.3. Let S be an orthodox semigroup, a an arbitrary element of S, and b ∈ V (a).
(i) The following conditions are equivalent: Proof. (i) Suppose a 2 is a left divisor of a. Then a = a 2 x for some x ∈ S, and hence ( 
If one (and hence each) of these conditions holds, then o(a)
Proof. It is immediate from Lemma 1.3 that conditions (a), (b), (c), and (d) are equivalent. Suppose (c) holds. Then a = a 2 x for some x ∈ S. If o(a) < ∞, there is m ∈ N such that a m ∈ E S and, by putting e = a m , we get a = a
, which shows that a is a group; a contradiction. Therefore o(a) = ∞ = o(b). Note that a = a 2 x implies aRa 2 , and so aRa n for any n ∈ N. Moreover, a n bRa n for all n ∈ N since (a n b)a = a n . Hence a ∪ a b ⊆ R a and, by symmetry,
The equivalence of conditions (a)-(d) of Lemma 1.4 will be used below without mention.
Lemma 1.5. Let S be an orthodox semigroup, a ∈ N S , b ∈ V (a), and ab = a 2 b 2 . Then (i) the subsemigroup ba 2 , b 2 a of S is bicyclic and ba is its identity element, that is,
2 a has a unique representation in the form b m+1 a n+1 for some nonnegative integers m and n; (iii) if k, l, m, and n are nonnegative integers such that k + l ≥ 1 and m + n ≥ 1, then b k a l Rb m a n if and only if k = m, and b k a l Lb m a n if and only if l = n.
Proof. (i) This is immediate since (ba
and ba is a two-sided identity for ba 2 and b 2 a. for some nonnegative integers m and n.
(iii) Let k, l, m, and n be nonnegative integers such that k + l ≥ 1 and
Rb m a n if and only if k = m, and b k a l Lb m a n if and only if l = n. Suppose l = 0 (and hence k ≥ 1). Let b k Rb m a n . If m, n ≥ 1, using the fact that b k Rb k a, we get b k aRb m a n , so that k = m. If n = 0 (and thus m ≥ 1), then b k Rb m and so, assuming without loss of generality that k ≤ m, we obtain and thus, as shown above, k = 0; a contradiction. We have proved that b k Rb m a n implies k = m, and if m ≥ 1, it is easily seen that b m Rb m a n for all n ≥ 0, so the converse also holds.
, we have n = 0. Here again we cannot have m = 0 and n ≥ 1, for otherwise b k La n and, using the fact that a n Lba n , we obtain b k Lba n so that, as has just been shown, n = 0; a contradiction. Thus b k Lb m a n implies n = 0, and the converse follows from Lemma 1.4. By symmetry, the result also holds in the case when l ≥ 1 and k = 0. The proof is complete.
Bisimple monogenic orthodox semigroups with nongroup generators
Let S be an orthodox semigroup, a ∈ N S , b ∈ V (a), and ab = a 2 b 2 . Clearly, every x ∈ S can be written in the form x = (a
as an r-syllable word in a, b. If m, n ∈ Z and i, j ∈ {0, 1} are such that either (I) m > i and n = j = 0, or (II) m = i = 0 and n ≥ 1, or (III) m > i and n > j, we say that a i b m a n b j is an abridged word in a, b (in this order!) of type I, II, or III, respectively (or simply an abridged word in a, b when there is no need to indicate its type), and if x = a i b m a n b j , we will also call a i b m a n b j an abridged form of x. Remark 1. Let S = a, b be a monogenic orthodox semigroup with ab = a 2 b 2 and ba = b 2 a 2 . As we will see shortly, each element of S can be written in an abridged form although, in general, not uniquely. Later, by imposing certain additional conditions on S, we will associate with each x ∈ S a unique abridged word for which we reserve the term "reduced form" of x. Observe also that definitions of type I and type II abridged words in a, b are not entirely symmetric -in a type I word a i b m we must have m > i but in a type II word a n b j the equality n = j = 1 is allowed. As will be seen later, this ensures that ab ∈ S is always represented by a unique abridged word in a, b (namely, by a type II word 
, an abridged word in a, b of type I, and if
which is an abridged word in a, b of type I. Similarly, if a n b j and a n ′ b j ′ are abridged words in a, b of type II, then a n b j a 
Proof. Let x ∈ S, and let r be the smallest positive integer such that x = (a
In view of Lemma 2.1(i), we can assume that a k i b l i is an abridged word in a, b of type I or II for each i = 1, . . . , r. Since x cannot be represented by a q-syllable word for q < r, by Lemma 2.1(ii) adjacent syllables a k j b l j and a k j+1 b l j+1 (j = 1, . . . , r − 1) are of different types, and by Lemma 2.1(iii) a syllable written as an abridged word in a, b of type II cannot precede a syllable which is an abridged word in a, b of type I. Therefore either r = 1 and a k 1 b l 1 is an abridged word in a, b of type I or II, or r = 2 and a Remark 3. In the proof of Lemma 2.3(ii), it was shown that S/Y = B(x, y), and we could have deduced from this that S is bisimple by applying, for instance, [9, Theorem 10] . However, a simple direct proof of that fact given above seems to be preferable.
Let S = a, b be a monogenic orthodox semigroup such that ab = a 2 b 2 and ba = b 2 a 2 . If n ∈ N, it is clear that (ab)a n = a and b n (ab) = b but for the products a n (ab) and (ab)b n in S there are the following possibilities: 1) a n (ab) = a n and (ab)b n = b n for all n ∈ N, in which case we denote S by O (∞,∞) (a, b);
2) (ab)b m = b m for all m ∈ N but a k (ab) = a k for some k ∈ N, and letting n be the smallest of such integers k, we denote S by O (n,∞) (a, b);
3) a n (ab) = a n for all n ∈ N but (ab)b l = b l for some l ∈ N, and with m standing for the smallest of such integers l, we denote S by O (∞,m) (a, b); 4) a n (ab) = a n and (ab)b m = b m for some n, m ∈ N, and letting n and m be the smallest integers with these properties, we denote S by O (n,m) (a, b) (of course, O (1,1) (a, b) is just another notation for the bicyclic semigroup B (a, b) ). 
and n ′ − j ′ = 0, contradicting the fact that n ′ > j ′ . Hence this case is also impossible. Case 4: w(a, b) and w ′ (a, b) are both of type II. Here a n b j = a n ′ b j ′ with j, j ′ ∈ {0, 1}, n ≥ 1, and n ′ ≥ 1, and hence a n b j a = a n ′ b j ′ a, that is, a n−j+1 = a n ′ −j ′ +1 , which implies n − j = n ′ − j ′ . Since the relation a n b j = a n ′ b j ′ is nontrivial, we have j = j ′ . Without loss of generality assume that j = 0 and j ′ = 1. Then a n = a n ′ b whence a n+1 = a n ′ and therefore n ′ = n + 1. Thus the given relation is a n+1 b = a n . Case 5: w(a, b) is of type II and w ′ (a, b) of type III. In this case, a 
and so, by Lemma 1.5, m − i = m ′ − i ′ and n − j = n ′ − j ′ . Since the given relation is nontrivial, we cannot have both i = i ′ and j = j ′ . 6a) Suppose that i = i ′ and j = j ′ . Assuming without loss of generality that j = 0 and j ′ = 1, we have the relation
, the given relation is equivalent to a n = a n+1 b. 6b) By symmetry with 6a), if i = i ′ and j = j ′ , the relation is equivalent to b m = ab m+1 . 6c) Suppose that i = i ′ and j = j ′ . Assume without loss of generality that i = 0 and i ′ = 1. Suppose, first, that j = 0 and j ′ = 1. Since b m a n = ab m ′ a n ′ b implies b m+1 a n+1 = b m ′ a n ′ and so, by Lemma 1.5, m ′ = m + 1 and n ′ = n + 1, the given relation is b m a n = ab m+1 a n+1 b.
On the other hand, b m = ab m+1 and a n = a n+1 b together clearly imply b m a n = ab m+1 a n+1 b. Therefore the given relation is equivalent to two relations, b m = ab m+1 and a n = a n+1 b. Assume now that j = 1 and j ′ = 0. Since b m a n b = ab m ′ a n ′ implies b m+1 a n = b m ′ a n ′ +1 , by Lemma 1.5, m ′ = m + 1 and n = n ′ + 1, so the given relation is b m a n b = ab m+1 a n−1 . Then
m+1 and a n−1 = a n b together clearly imply b m a n b = ab m+1 a n−1 , the given relation is equivalent to two relations, b m = ab m+1 and a n−1 = a n b. This completes the proof.
It is asserted (without proof) in [5] It follows from Proposition 2.4 that
′ which means (in view of the above mentioned assertion in [5] about the eggbox picture of FO(a, b)/α ′ ) that Figure 1 exhibits the eggbox picture of O (∞,∞) (a, b). We will include a proof of this fact both for the sake of completeness and because it is independent of the results about the lattice of congruences on FO contained in [5, Section II]. 4) , it is immediate that a n b j = a n ′ b j ′ if and only if n = n ′ and j = j ′ for all a n b j , a n ′ b j ′ ∈ a ∪ a b. It follows also from the definition of O (∞,∞) (a, b) and the proof of Proposition 2.4 that if i, i ′ ∈ {0, 1} and k, k
and it is obvious that the set of all abridged words in a, b of type I coincides with ( b ∪ a b ) \ {ab}. Suppose that a i b m a n b j is an abridged word of type I or III such that
coincides with the set of all abridged words in a, b of type III. Finally, if a i b m a n b j is any abridged word of type III, Lemma 2.3(i) and the above remarks imply that Figure 1 gives the eggbox picture of O (∞,∞) (a, b). The proof is complete.
Remark 5. It is immediate from Lemma 2.5 that for each x ∈ O (∞,∞) (a, b) there is a unique abridged word a i b m a n b j in a, b such that x = a i b m a n b j , and we will say that a i b m a n b j is a reduced word representing x (or the reduced form of x). It is also easily seen that O (∞,∞) (a, b) is the disjoint union of four bicyclic semigroups and two infinite cyclic semigroups: , b) , and the eggbox picture of O (n,∞) (a, b) is easily obtained from that of O (∞,∞) (a, b); it is given in Figure 2 Note that for each x ∈ O (n,∞) (a, b) there is a unique abridged word a i b m a l b j with l ≤ n such that x = a i b m a l b j ; we will call it the reduced form of x. By duality, if m ∈ N, we obtain the eggbox picture of O (∞,m) (a, b) and observe that each x ∈ O (∞,m) (a, b) is represented by a unique abridged word a i b k a n b j with k ≤ m, called the reduced form of x. Now take any m, n ∈ N. By definition of O (n,m) (a, b), we have a n (ab) = a n and (ab)b ∞) (a, b) . This enables us to obtain the eggbox picture of O (n,m) (a, b) from that of O (n,∞) (a, b); it is shown in Figure 3 . It is clear that for every x ∈ O (n,m) (a, b) there is a unique abridged word Recall that a band E is said to be uniform if eEe ∼ = f Ef for all e, f ∈ E. As shown by Hall [8, Main Theorem] , a band E is the band of a bisimple orthodox semigroup if and only if E is uniform. In particular, the easy part of the cited theorem guarantees that the band of idempotents of any orthodox semigroup is uniform (see [8, Result 7] or [10, Proposition VI.3.1]). Therefore, for any m, n ∈ N, the bands of idempotents of semigroups
, and O (n,m) (a, b) are uniform, and using the diagrams of these bands we can explicitly illustrate this fact.
In view of duality, it is sufficient to consider the bands of idempotents of the semigroups O (∞,∞) (a, b), O (n,∞) (a, b), and O (n,m) (a, b) with m ≥ n; they are shown in parts (a), (b), and (c), respectively, of Figure 4 with the bold line segments representing the covering relation of the natural partial order and the thin line segments indicating the R-and L-relations on each of these bands. (The diagrams of O (n,∞) (a, b) and O (n,m) (a, b) are drawn under the assumptions that n > 1 and m > n > 1, respectively; modifications for n = 1 and for m = n > 1 or m > n = 1 are obvious.) It is easily seen that if E is any of the bands shown in Figure 4 and e ∈ E, then eEe is isomorphic to the chain of idempotents of the bicyclic semigroup (that is, to the chain e 0 > e 1 > e 2 > · · · ), and hence eEe ∼ = f Ef for all e, f ∈ E.
ab n a n b ab n a n−1 ab n+1 a n ab n+2 a n+1
. . . ab n a n b ab n a n−1 ab n+1 a n ba 2 b ba b n−1 a n b b n−1 a n−1 b n a n ab m a We have shown that if a monogenic orthodox semigroup S = a, b such that a, b ∈ N S satisfies ab = a 2 b 2 , then S coincides with one of the bisimple combinatorial semigroups
for some m, n ∈ N, described by Lemmas 2.5 and 2.6. We will prove now that there are no other bisimple orthodox semigroups generated by two mutually inverse nongroup elements and thus obtain a complete description of all monogenic orthodox semigroups with nongroup generators.
By [7, Lemma 2.7] (deduced in [7] as a corollary to [5, Section II]), if S is an orthodox semigroup, a ∈ N S , and b ∈ V (a), then either {a, b, ab, ba} is the top D-class of a, b (which means that a, b \ {a, b, ab, ba} is an ideal of a, b ), or o(a) = ∞ = o(b). As mentioned prior to the statement of [7, Lemma 2.7] , it could have been proved independently of [5] . Now we will give such a direct proof establishing, in fact, a sharper result. The author gratefully acknowledges that he learned the argument used in the second paragraph of the above proof from Mark Sapir (in a private conversation many years ago). The principal results of this section are combined in the following theorem. 
Monogenic orthodox semigroups with group generators
Let S = a, b be a monogenic orthodox semigroup such that a (and hence b) is a group element of S. To avoid repetition, this assumption will be retained through the rest of this section. By Lemma 1.3(ii), ab = a 2 b 2 and ba = b 2 a 2 , and the identity elements of the groups H a and H b are ab 2 a and ba 2 b, respectively. Since ab = a 2 b 2 and ba = b 2 a 2 , it is easily seen that each element of S can be written (in general, not uniquely) in the form b
